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Abstract

A finite element formulation based on an enhanced first order shear deformation theory is developed to accurately
and efficiently predict the behavior of laminated composite and sandwich structures. An enhanced first order shear
deformation theory is systematically derived by minimizing the least-squared energy error between the first order shear
deformable plate theory and a higher order shear deformable plate theory. In this way, the strain energy of a higher
order theory is transformed to that of the Reissner-Mindlin plate theory. This minimization procedure yields a relation-
ship between them that is also used to improve the accuracy of predicted stresses and displacements. The key feature of
the proposed theory is in that it can be implemented to commercial FEM packages by simply changing the input, and
the results obtained can be also enhanced by post-processing them via a differential quadrature method. Thus, a pro-
posed finite element formulation can be widely used in various application problems. Through numerical examples, the
accuracy and robustness of the present formulation are demonstrated.
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1. Introduction

Various analysis models have been developed to
predict the behaviors of composite and sandwich
structures efficiently and accurately. Among many
proposed models, a higher order zig-zag theory [1, 2]
is known to be one of the most efficient theories to
compute the through-the-thickness distributions of
displacements and stresses for laminated composite
structures. This higher-order zigzag theory (HOZT)
satisfies the continuity condition at interfaces as well
as the traction conditions at top and bottom surfaces
of transverse shear stresses. It employs the degrees of
freedom defined at the reference plane only but pro-
duces accurate results as demonstrated in Refs. [1, 2].
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However, a higher order zig-zag theory requires
C, shape functions (slope continuity condition along
the boundary of the element) for the finite element
realization in general. These shape functions are not
available in most commercial finite element packages
especially for a shear deformable plate theory. Thus it
is difficult to implement a special zigzag plate ele-
ment with conventional isoparametric elements to
those commercial packages. A variational-asymptotic
approach based on the first order shear deformation
Mindlin-Reissner plate theory was proposed by Yu et
al [3].

To overcome this drawback, an enhanced first or-
der shear deformation theory (EFSDT) [4] is devel-
oped, which requires C, shape functions only for a
finite element realization. In this study, we implement
an EFSDT to the commercial package (ANSYS)
routine. This will improve the prediction of deforma-



872 J. Oh et al. / Journal of Mechanical Science and Technology 22 (2008) 871~878

tions and stresses through the thickness of plates via
postprocessing the results obtained from ANSYS.
Through several numerical examples, the accuracy
and robustness of the present FE method based on
EFSDT are demonstrated.

2 Formulation of an enhanced first order
shear deformation theory

In this section, an enhanced first order shear defor-
mation theory is obtained by applying the strain en-
ergy transformation to the strain energy of a higher
order zig-zag theory. A way to recover the stresses
and displacements via the differential quadrature
method is then developed, which can be directly ap-
plied to the results obtained from the commercial
finite element software.

2.1 Displacement formulation

In this paper, a linear elastic plate theory is consid-
ered for laminated plates made of a monoclinic mate-
rial. The reference plane is represented by x, and the
through-the-thickness position is denoted by x, ,
where x, € [-1/2,+h/2] . As long as the interior solu-
tion is concerned, the general form of displacements
can be expressed by

ua(x[):uzgz(xﬂ)_u;,zx(xﬂ)x3+Wa(x[) (H
uy (x,) =uy (x5) + Wi (x,) )

in which, u. and u, are in-plane and out-of-plane
displacements in the reference plane, respectively.
W, (x;) and W,(x,) represent warping functions.

The in-plane displacement fields of the HOZT are
constructed by superimposing a linear zig-zag dis-
placement to a smooth globally cubic varying dis-
placement. The final displacement fields are ex-
pressed in terms of the five primary degrees of free-
dom by applying the interface continuity conditions
as well as the bounding surface conditions for trans-
verse shear stresses. These are then written as fol-
lows:
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interface continuity conditions. This is a modified
version of the displacement field given in Refs. [1, 2].

The in-plane warping functions can be simply ob-
tained from the in-plane displacements given in Eq.
(3), which gives us a good approximation to those of
the 3D warping functions. The displacements can be
then expressed in compact form

where a

e (%) = 1 (3,) = 145, ()%, + @, (x3)8, (x,,)

uy(x;) = 15 (x,)

“4)

where W, =®_ (x;)4,(x,) , and @_(x;) can be
computed from Eq. (3). Subsequently the correspond-
ing in-plane strains are given by

Eap(%,) = 4 (x,) + X305 (x,) + £05) (%) ®)

in which the detailed expression of strain components
can be found in Ref. [4], and the transverse shear
strains are given as

7/3zz(x[) = ua,} + u},a = q)ay,3(x3 )¢y (xﬁ) + VV},tx (6)

where the warping function W, is very small as
compared to the effective transverse shear strains, ¢, ,
for moderately thick plates in general. The transverse
shear strains are then approximated as follows:

Vsa =Dy, 5 (1), (x4) 7

2.2 Relationship between two plate theories

In order to derive the relationship between the
aforementioned two plate theories, one can apply
least square minimization to strains and displace-
ments obtained from Reissner-Mindlin theory and the
HOZT. Consequently, this can be summarized as
follows:

. — _ 1 )
min (|| €5 =25 1l) =0 = &5y =5 +-(e) ®)

Eap

. _ 12, .
min <||£aﬁ_£aﬂ||2>:0 — Kqﬂ :5[(12"';(&52,5)) (9)
Kop
min (lu, =7, [,)=0 = @ =ui+5.0%) (10

. _ .12
n;ln(Hua—ua l,)=0 — 6a=—u3ﬂ+ﬁ<x3Wa) (11)



J. Oh et al. / Journal of Mechanical Science and Technology 22 (2008) 871~878 873

. _ P |
Hy}}n (luy =5 1[,) =0 — uy =uj +;<VVz> (12)

where the averaged in-plane strains, curvatures and

displacements are denoted by ¢, x, and u,,

which are taken from Reissner-Mindlin theory. The
hi2

.[ +dx, . These

~hi2
equations, Egs. (8)-(12), minimize the errors of the in-
plane stresses in the least-square sense, which can be
also derived by transforming the strain energy of the
HOZT into that of Reissner-Mindlin like theory.
The strain energy of the HOZT based on Eq. (4) is
written in a compact form.

symbol (+) is defined by ()=

2U =gl Ae, +2¢] BK, + K] DK,
+¢"Go + 26 EK, + 2K FK, (13)
+K!HK,

where stiffness matrices 4, B,D,G,E,F,H and strain
vectors &,,K,,¢,K, are defined in Ref. [4]. Substi-
tuting Egs. (8)-(12) into the above yields

+7" (7 GI)7+2(5, - Cx,) Ex, (14)
+2(K, —th)T FK,+ K Hrk,

in which Cand T are the relationship matrices that
are associated with %(g‘a;’) and %()@82}’), respec
tively. After rearranging Eq. (14), one can obtain the
energy of Reissner-Mindlin like theory and the trun-
cated energy as follows:

2U = §! A€, + 28! BR, + K/ DK, + 7' Gy + 20 (15)
where the truncated energy U is given by

20=2g, (-AC- Bl +E)x;
+2K (-B'C-Dl+F)x, (16)
+x (CTAC+2C" B -2C E+T7 DM 20" F+ H) x,

This truncated energy should be minimized with
respect to the relationship matrices to obtain the best
approximation to the HOZT. In this way, the strain
energy of the HOZT can be successfully expressed in
terms of the variables of Reissner-Mindlin theory.
Once the relationship matrices are found, which
minimize Eq. (16), the effective transverse shear stiff-
ness can be obtained by

EFSDT

Construction of the mapping relationship
between the variable of EHOPT and EFSDT

l<—

Solving ELSDT plate equation
—o —o0 —o
oy Uy 88,

(use commercial software such as ANSYS)

Reconstruction of improved in-plane
displacement in terms of average FSDT

EHOPT

Setting-up of the relationships between
average FSDT and EHOPT through least
square sense

Transformation of 3-dimensional strain
energy by using above relationships
807 = U+ 517

Computing unknown variable 6’1:
fromequation ST =0

Substitution shear stiffness of average
FSDT into effective shear stiffness

Obtaining effective shear stiffness
G=I'al, &' =17

N

Fig. 1. Flowchart of the enhanced first order shear deformation method.
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G=17 Gr (17)

where [is the inverse of the sub-matrix of I". Here
one can see that an EFSDT is different only from
Reissner-Mindlin theory in terms of the shear stiff-
ness matrix. This implies that an EFSDT can be easily
implemented to most commercial finite element
packages, which have Reissner-Mindlin type ele-
ments, with virtually no effort.

2.3 Recovery process

In this subsection, the recovery process using the
outputs of commercial finite element packages is
described, which improves significantly the predicted
displacements and stresses via the relationship be-
tween an EFSDT and the HOZT. Explicit relations
between the HOZT and Reissner-Mindlin like theory
are derived via the strain energy transformation pre-
sented in previous section.

In the post-processing phase, one can recover the
displacements using the variables of Reissner-
Mindlin like theory denoted by the overbars in Eq.
(18) as follows:

_ =0 _—0 ~ =
U, =u, — u},ax3 - Cafy¢y + q)ary (x3 )quy3/p

(18)
uy, = L730
Similarly, the strains are recovered by
Eup =Eup ~ l<(i)2y(x3)f}75>
h ’ (19)

&y = &);ﬁ (x3)f‘]7

in which the values with overbars are obtained from
the outputs of the commercial FE software ANSYS.

The derivatives of nodal variables are calculated by
using the differential quadrature method [5], which is
a simple numerical approach to solve partial differen-
tial equations. In this method, the partial derivatives
of a function with respect to a variable at any discrete
point are approximated by weighted linear sums of
the function values at all the discrete points in the
overall chosen domain. For instance, the partial de-
rivatives with respect to in-plane coordinates are cal-
culated by

N,
L0003) =2 G0 f(x0y) n=12,..,(N,=1) (20)
k=1

N,
ﬂf”’)(xi,yj) = ZC§Z’)j'(xi,yk) m=1,2,..,(N,-1) (21)
k=1

N, Ny
f;(():’l+m)(xi’yj) = Zci(kn)zcj(r)f(xk’yl)

k=1 I=1

i=L2,.,N, and j=1,2,..,N,

(22)

where N is a grid point x-direction and N in the
y-direction. The numbers n and m represent the order
of the derivatives with respect to x and y direction.
C” and C\" are weighting coefficients, which are
computed as follows:

coh
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= [c” c

J
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,-:;ﬂ v ' (26)

and m=1,2,3,..,N, -1

in which
(1)
oo M) 0 N b i @7)
(6 =x)M(x;)
_ D)
co-_ P'o) Lj=12,..N, but j#i (28)

! (y,-_yj)P(l)(yj)

A summary of the proposed finite element formula-
tion is given as follows: First, the effective shear
stiffness matrix is obtained by using the in-plane
warping functions dependent on the layer material
and geometric properties taken from the HOZT and
applying the strain energy transformation process via
the least square minimization. Second, after the shear
stiffness is replaced with the effective one, the model-
ing and analysis of composite and sandwich struc-
tures is performed by ANSYS [6]. Lastly, in order to
get the detailed through-the-thickness distributions of
displacements and stresses, the recovery procedure is
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applied to the output of ANSYS, which is carried out
by the in-house code. A detailed flowchart of the
enhanced first order shear deformation method is
given in Fig. 1.

3. Numerical results

The finite element formulation based on an EFSDT
is applied to ANSYS. In this commercial software,
the SHELL99 element is selected to implement the
proposed finite element formulation based on an
EFSDT, which utilizes the C,- shaped functions. In
what follows, it will be demonstrated that the present
approach (an EFSDT together with the recovery
process) is simple yet accurate throughout the nu-
merical examples.

The ply material properties [7] in cross-ply lami-
nated plates are given as

E,/E, =25,G,,/E, =05,

(29)
Gyl E =02,v,, =v;, =025

where L denotes a fiber direction and 7 denotes a
perpendicular direction to the fiber. For a sandwich
plate, the material properties of a face sheet are the
same as Eq. (29), and the core material properties [8]
are given by

E, =1.0x10°Pa(0.145x10°psi), E, = E,
G, =0.4x10"Pa(0.58x10"psi),
Gy, =G, =Gy, v, =025

(30)

The length-to-thickness ratio, S, is assumed to be 4
or 10, in which S=4 represents a very thick plate and
S=10 does a moderately thick plate. Only two cases
are evaluated, since these are challengeable problems
due to the significant shear deformation effect, espe-
cially for a sandwich plate. The through-the-thickness
distributions of in-plane stresses and transverse shear
stresses are investigated and discussed, which are
important from the strength and stiffness design
points of view.

Three cases are considered to assess the accuracy
and efficiency of the present approach.

Case (1): An eight-layer rectangular plate [90/0/
90/0/0/90/0/90] with simply supported boundary con-
ditions along the edge under the distributed uniform
pressure loading. The comparison of center deflec-
tions is made in Table 1, where one can confirm that

the present approach (i.e., the finite element formula-
tion based on an EFSDT) agrees very well with those
of the HOZT. The displacement contour of a rectan-
gular composite plate is plotted in Fig. 2, and the in-
plane stress o distributions through the thickness
of a plate at the center are depicted in Figs. 3(a) and
3(b) for S=4 and S=10, respectively. The transverse
shear stresses obtained by FSDT, EFSDT, and HOZT
are plotted and compared in Fig. 4. The legend in Figs.
3-4 is given as follows. The legend ‘EFSDT ansys’
indicates an ansys finite element solution based on
EFSDT. The legend ‘HOZT FEM’ represents a finite
element solution based on higher order zig-zag theory
(HOZT). The legend ‘FSDT’ indicates a finite ele-
ment solution based on a first order shear deformation
theory. One can see the discrepancy between an
EFSDT and the FSDT, because the shear stiffness of
an EFSDT was improved over that of the FSDT via
the least-square minimization process. Throughout
examples consi-dered for Case I, the results of an
EFSDT are well correlated with those of the HOZT.

Case (2): An eight-layer stiffened laminated com-
posite panel [0/90/45/-45/-45/45/90/0] with clamped
boundary condition at one side edge under the dis-
tributed uniform pressure loading. The dimension of
the stiffened composite panel is length ¢=20 m, width
b=14 m, and thickness A=1. Fig. 5 shows the dis-
placement contour of a stiffened composite panel,
which is obtained by ANSYS. In Fig. 6, the trans-
verse shear stresses are plotted. It can be seen that the
conventional Mindlin-Reissner type shell element
denoted by FSDT anysis in Fig. 6 cannot accurately
predict the transverse shear stresses through the
thickness of a plate for angle-ply layers. In contrast,
an EFSDT and its recovery routine are capable of
computing the through-the-thickness distributions of
transverse shear stresses accurately.

Case (3): A simply supported [0°/Core/0"]
sandwich plate with the thickness of each face sheet
equal to h/10 is considered to investigate significant
shear deformation effects. The uniform pressure load-
ing is distributed over the whole x-y plane. The in-
plane normal and transverse shear stresses are plotted
in Figs. 7(a) and 7(b), respectively, for a very thick
plate of S=4. The results from an EFSDT are signifi-
cantly improved over those from the FSDT, as shown
in Fig. 7. From this example, one can clearly see that
the FSDT is not adequate at all for the analysis of
sandwich plates. For more accurate prediction of the
transverse shear stresses of a sandwich plate, the ef-
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Fig. 2. Displacement contour of rectangular composite plate

under uniform loading (S=4).
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fect of a transverse normal deformation should be
considered. The reason of this is that the core material
of a sandwich plate is very flexible as compared to
that of the face sheet. Although the proposed ap-
proach does not consider the transverse normal effect,
it has merit in that it always gives better results than
the FSDT while it retains the same computational cost.

Table 1. Center deflection U, under distributed loading.

S=a/h | HOZT_FEM | EFSDT | ANSYS FSDT
4 2.78 2.77 2.32 2.054
10 1.025 1.025 0.96 0.915

U, =u,100E,1’ /(Pa*)
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Fig. 4(a). Nondimensional in-plane stress UD(E'Y:O;/ ql,Sz)
under uniform loading.
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Fig. 4(b). Nondimensional transverse shear stress o (E'J =
0../4,5) under uniform loading.



J. Oh et al. / Journal of Mechanical Science and Technology 22 (2008) 871~878

AN

NOV 16 2006
21:16:52

NODAL SOLUTTON

sTER=1
sUB =1
TIME=1
usuM (avG)
RSYS=0
DMX =.836E-05
SMX =.836E-05

o .1868-05 .371E-05 .557E-05
929E-06 2792-05 464205 650205
- STATIC ANALYSIS FOR A STIFFNED LAMINATED COMPOSITE PANEL

.7438-05
8368-05
WORKSHOP #8

Fig. 5. Displacement contour of stiffened laminated compos-
ite panel.

05

04 4

[0/90/45/-45/-45/45/90/0]

0.3

0.2 4

—— EFSDT _ansys
—@®— FSDT _ansys
—A— FSDT

0.1 1

0.0

z/h

0.5

877

0.4

0.3

0.2 4

0.1+

[0/Core/0]

=t

e EFSDT_ansys
—@— FSDT_ansys

0.0 q

z/h

201 4
202 4

-0.3 4
o j_
-0.5

Stress yy

Fig. 7(a). Nondimensional in-plane stress %(By=q_/%sz)
of sandwich plate under uniform loading.

-0.1 1

-0.2 1

-0.3

204 4

-0.5

-3.0e-3

T

-2.5e-3

T

-2.0e-3

T

-1.5e-3

T

-1.0e-3

T

-5.0e-4

1

0.0

5.0e4

Stress zx

Fig. 6(a). Nondimensional transverse shear stress o under
uniform loading.

0.5

] [0/90/45/-45/-45/45/90/0]
0.3 1
0.2 4

0.1

—— EFSDT_ansys
—®— FSDT _ansys
—A— FSDT

z/h

0.0

-0.1

-0.2 4

-0.3 4

044

-05 T ¥ T T T T T T T
-4.0e-4 -2.0e-4 0.0 20e4 4.0e4 6.0e-4 8.0e4 1.0e-3 1.2e-3 1.4e-3 1.6e-3

Stress zy

Fig. 6(b). Nondimensional transverse stress o, under uni-
form loading.
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Fig. 7(b). Nondimensional transverse shear stress o, (sz =
o../q,S ) of sandwich plate under uniform loading.

4. Conclusions

A finite element formulation based on an EFSDT
has been developed to predict the behavior of sand-
wich plates as well as laminated composite plates
efficiently and accurately. The displacement fields of
the HOZT [1], which is selected for its simplicity and
accuracy, are utilized to approximate the through-the-
thickness warping functions.

The key feature of the present paper is that the ap-
plicability of an EFSDT to the commercial software
with virtually no effort is demonstrated. A post-
process scheme is developed to calculate the higher
order derivatives with respect to in-plane coordinates
via the differential quadrature method. This is suc-
cessfully applied to ANSYS. The accuracy and ro-
bustness of the present approach is also demonstrated
by analyzing plates with various lay-up configura-
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tions including a sandwich plate. The results obtained
herein are compared to the FSDT and the HOZT. It is
observed that the FSDT severely underestimates the
displacements and stresses, whereas the EFSDT
shows good agreement with the HOZT. From the
numerical examples considered, one can conclude
that the proposed finite element formulation provides
us with an efficient yet accurate tool for the analysis
of laminated composite and sandwich structures
without significant modifications to commercial finite
element packages.
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